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Abstract. Let A be the path algebra of a finite quiver Q over a finite-dimensional algebra A. 
Then A-modules are identified with representations of Q over A. This yields the notion of monic 
representations of Q over A. If Q is acyclic, then the Gorenstein-projective A-modules can be 
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only if the Gorenstein-projective A-modules are exactly the monic representations of Q over A. 
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1. Introduction 

Let A be an Artin algebra, and A-mod the category of finitely generated left A-modules. A 
complete A-projective resolution is an exact sequence of finitely generated projective A-modules 

p* — . . . ^ P^^ y P^ ) P^ y 

such that Homyi(P*,A) remains to be exact. A module M e A-niod is Gorenstein-projective^ 
if there exists a complete A-projective resolution P* such that M = Kerd". Let P{A) be the 
full subcategory of A-mod of projective modules, and QV{A) the full subcategory of A-mod of 
Gorenstein-projective modules. Then P{A) C gP{A) C ^A = {X e A-mod | Ext^(A,A) = 
0, y i > 1}. It is clear that QV{A) = A-mod if and only if A is self-injective. If A is of finite 
global dimension then QV{A) ~ 'P(A); and if A is a Gorenstein algebra (i.e., inj.dim aA < oo 
and inj.dim Aa < oo), then Q'P{A) — ^A ([EJ], Corollary 11.5.3). This class of modules 
enjoys more stable properties than the usual projective modules ([AB], where it was called a 
module of G-dimension zero) ; it become an important ingredient in the relative homological algebra 
([EJ]) and in the representation theory of algebras (see e.g. [AR], [B], [GZ], [IKM]); and plays a 
central role in the Tate cohomology of algebras (see e.g. [AM] and [Buch]). By [Buch] and [Hap], 
the singularity category of Gorenstein algebra A is triangle equivalent to the stable category of 
Gorenstein-pro j ective A-modules . 
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On the other hand, the submodule category have been extensively studied in [RSI] (see also 
[RS2], [S]). By [KLM] it is also related to the singularity category (see also [C]). It turns out that 
the category of the Gorenstein-projective modules is closly related to the submodule category, or in 
general, to the monomorphism category (see [Z] ) . The present paper is to explore such an relation 
in a more general setting up. 

Let A be the path algebra of a finite quiver Q over where ^ is a finite-dimensional algebra 
over a field k. As in the case oi A — k, A-modules can be interpreted as representations of Q over 
A. This interpretation permits us to introduce the so-called monic representations of Q over A. If 
Q = * — > • then they are exactly the objects in the submodule category of A (see [RSI]); and 
if Q = • — > ■ ■ ■ — > • then the monic representations of Q over A are exactly the objects in the 

n 1 

monomorphism category of A ([Z]). The main result Theorem 14. II of this paper explicitly determine 
all the Gorenstein-projective A-modules when Q is acyclic (i.e., Q has no oriented cycles), via the 
monic representations of Q over A. We emphasize that here A is not necessarily Gorenstein. 
The proof of Theorem 14.11 use induction on | Qo I j and a description of the Gorenstein-projective 
modules over the triangular extension of two algebras via bimodules which is projective in both 
sides (Theorem 13. ip . As an application, we get a characterization of self-injcctivity by claiming 
that A is self-injective if and only if the Gorenstein-projective A-modules are exactly the monic 
representations of Q over A (Theorem 15. ip . As another consequence, if Q has an arrow, then 
the projective A-modules coincide with the monic representations of Q over A if and only A is 
hereditary (Theorem 15. 4p . 

2. Monic representations of a quiver over an algebra 

Throughout this section A: is a field, Q a finite quiver, and A a finite-dimensional fc-algebra. 
We consider the path algebra AQ of Q over A, describe its module category, and introduce the 
so-called the monic representations of Q over A. 

2.1. For the notion of a finite quiver Q = {Qo,Qi,s,e) we refer to [ARS] and [R]. We write the 
conjunction of paths of Q from right to left. Let V be the set of paths of Q. Vertex z is a path of 
length and denote it by e.^. We define s(ej) — i — e(ej). If p = a; • • • ai ^ V with ai E Qi, I > 1, 
and e{ai) = s(ai-fi) for 1 < i < ^ — 1, then we call I the length of p and denote it by l{p), and 
define the starting vertex s{p) = s{ai), and the ending vertex e(p) = e(a/). Let kQ be the path 
algebra of Q over k. It is well-known that the category A:Q-mod of finite-dimensional /cQ-modules 
is equivalent to the category Rep(Q, k) of finite-dimensional representations of Q over k. 

2.2. Let A = AQ be the free left ^-module with basis V. An element of AQ is written as a finite 

sum ^ ttpp, where ap G A and Op = for all but finitely many p. Then A has a fc-algebra structure, 

pev 

with multiplication bi-linearly given by {app){bqq) — {apbq){pq), where apbq is the product in A, 
and pq is the product in kQ. We have isomorphisms K = A®k kQ = kQ ®k A of fc-algebras, and 
we call A = AQ the path algebra of Q over A. 
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(A A ■■■ A A 
A ■■■ A A 
: : : : : I , the upper triangular 

■■■ A A 
■■■ A, 

matrix algebra of A. In general, if Q is acyclic, then A is also a kind of upper triangular matrix 
algebra over A. More precisely, we label Qo as 1, • • • , n, such that if there is an arrow a : j — > i 
in Qi then j > i. Then kQ is isomorphic to the following matrix algebra over k: 



/ k fe'"31 

' k fc^ss 



\6 



(2.1) 



where rriji is the number of paths from j to i, and fc'"^' is the direct sum of rriji copies of k. It 
follows that A is isomorphic to the following matrix algebra over A: 



A ^"21 A'"3i ... A" 
A A"32 ... A" 
A ■■■ A" 







(2.2) 



2.3. By definition, a representation X of Q over A is a datum X — {Xi, X^, i G Qq, a 6 Qi), 
where Xi is an A-module for each i G Qo, and Xa ■ ^s(a) — ^ ^e{a} is an A-map for each a £ Qi. 
It is a finite- dimensional representation if each Xi is finite-dimensional. We will call Xi the i-th 
branch of X. A morphism / from representation X to representation 1" is a datum (fi, i € Qo), 
where fi : Xi — > Yi is an A- map for each i G Qo, such that for each arrow a : j — > i the following 
diagram 



X, Y, (2.3) 

fi 

Xi Yi 

commutes, li p ~ ai ■ ■ ■ ai G "P with ai G Qi, / > 1, and e{ai) — 5(0^+1) for 1 < i < I — 1, then 
we put Xp to be the ^-map Xa^ ■ ■ -Xa-^. Denote by Rep(Q, A) the category of finite-dimensional 
representations of Q over A. A morphism / = [fi, i G Qo) in Rep(Q, A) is a monomorphism (resp., 
an epimorphism, an isomorphism) if and only if for each i G Qo, fi is injcctive (resp., surjective, 
an isomorphism). 

Lemma 2.1. Let A be the path algebra of Q over A. Then we have an equivalence A-mod = 
Rep((5,yl) of categories, here A-mod is the category of finite- dimensional A-modules. 

We omit the details of the proof of Lcmma l^TTl which is similar to the case oi A = k (see Theorem 
1.5 of [ARS], p. 57; or [R], p. 44). In the following we will identify a A-module with a representation 
of Q over A, which is always assumed to be finite-dimensional. Under this identification, a A- 
module X is a representation {Xi, Xa, i G Qo, ct G Qi) of Q over A, where Xi — {lei)X, 1 is the 
identity of A, and the yl-action on Xi is given by a{lei)x = {aei)x = {lei){aei)x, V x G X, V a G A; 
and Xa ■ Xs(^a) — ^ ^e(a) is thc A-niap given by the left action by la G A. On the other hand. 
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a representation {Xi, Xa, i & Qo, a £ Qi) of Q over A is a A- module X = Ai, with the 

ieQo 

A-action on X given by 

fo, ifs{p)y^i; 
{ap){xi) = I axi, if s{p) = i, l{p) = 0; V a G A, V p e P, V G A^. 

yaXp{xi) G Ae(p), if s{p) = i, l{p) > 1, 

An indecomposable projective A- module is of the form L®kP{i), where P{i) is the indecomposable 
fcQ-module at vertex i, and L is an indecomposable projective A-module. In particular, each branch 
of a projective A-module is a projective A-module. 

Let / : X — > F be a morphism in Rep(Q, A). Then Ker/ and Coker / can be explicitly written 
out. For example, Coker / = (Coker /i, Y^, i G Qo, a G Qi), where for each arrow a : j — > i, 
Ya : Coker /j — > Coker /j is the A-map induced by Y^ (see (2.3)). A sequence of morphisms 

— > X ^Y Z — vQin Rep(Q, A) is exact if and only if — > Xi ^Yi Zi — is 
exact in A- mod for each i G Qo- 

In the following, if Qo is labeled as 1, • ■ • , n, then we also write a representation A of Q over A 
as ( : 

2.4. The following is a central notion in this paper. 

Definition 2.2. A representation X = [Xi,Xa,i G Qo,o. G Qi) of Q over A is a monic repre- 
sentation, or a monic A-module, if for each i G Qo the following A-map 

{■^a)aeQi, e(a)=i • ^s(a) ^ -^i 

aeQi 
e{a)—i 

is injective, or equivalently, the following two conditions are satisfied 
(ml) For each a G Qx, Xa : A^j-^) — > A"e(Q) is an injective map; and 
(to2) For each i G Qo, there holds ^ ImX^ = ImA^. 

e{oi)=i e(a)=i 

Denote by Mon((5, A) the full subcategory of Rep((3, A) consisting of the monic representations 
of Q over A. In particular, \{ A = k, then we have Mon((5, k) C Rep((3, k). 

For example, if Q = • — > ■ ■ ■ — > • then a representation A of Q over A is simply written 

n 1 

as A = {Xi, (pi), where each (j)i : A'j+i — > Xi is an A-map, 1 < i < n — 1. In this case 
A is a monic representation, or a monic T„(A)-module, exactly means that each (j)i is injective, 

1 < z < n — 1. This kind of monic T„(A)-modules have arisen from different questions and in 
different terminologies, for examples in [RSI], [RS2], [S], [LZ], [KLM], [C], [Z], [IKM]. 

2.5. There is another similar but different notion. Let A = kQ/I be a finite-dimensional k- 
algebra, where / is an admissible ideal of kQ. An /-bounded representations of Q over fc is a datum 
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X — {Xi, Xa, i G Qo, a G Qi), where Xi is a fc-space for each i G Qo, and Xa '■ -'fs(a) — > Xf,(^a) 

is a fc-hnear map for each a € Qi, such that ^ CpXp = for each element ^ Cpp G /, where 

per pev 
lip) ^ "2 and Cp E k. An /-bounded representation X — {Xi,Xa, i G Qo, a G Qi) of Q over fc is a 

monic representation, if for each i G Qo the fohowing fc-hnear map 

{Xa)aeQi, e(a)=i '■ ^3(0.) ^ -'^i 

is injective. Let Rep(Q,/, fc) be the category of finite-dimensional /-bounded representations of 
Q over fc. It is well-known that there is an equivalence A-mod= Rep(Q, /, fc) of categories (see 
Proposition 1.7 in [ARS], p. 60; or [R], p. 45). Let Mon(Q,/, fc) denote the full subcategory of 
Rep(Q, /, fc) of /-bounded monic representations Q over fc. Thus Mon(Q, 0, fc) = Mon(Q, fc). 

Proposition 2.3. Let A = kQ/I he a finite- dimensional k-algebra, where I is an admissible ideal 
of kQ. Then ViA) C Mon(Q, /, fc) if and only if A is hereditary. 

Proof. If A is hereditary then / = 0. It is clear P{kQ) C Mon(Q, 0, fc). 

Conversely, if / 7^ 0, then take an element ^ CpP G / with l(p) > 2 and Cp G fc. Assume 

pev 

that all the paths p with Cp ^ have the same starting vertex j and the same ending vertex i. 
Consider the projective A- module P{j) = Aej. As an /-bounded representation of Q over fc we 
have P{j) — {ctkQej^t G Qo, fa, ct G Qi). Let ai, • • • , a„i be all the arrows of Q ending at i. We 
claim that 

{fa^)l<v<m ■ 6s(Q„)fcQ6j CikQCj 

l<v<m 

is not injective, where fa^ is the fc-linear map given by the left multiplication by a^. Since each path 
from j to i must go through some a^,, and ^ Cpfp — 0, it follows that dir<[ik{es(a^)kQ^j) > 

p^V l<t;<m 

dimfc(eifcQej). This justifies the claim, i.e., P(j) ^ Mon(Q,/, fc). ■ 

Now, let A = A ®k kQ be the path algebra of Q over A. Assume that A is of the form 
A — kQ' jV , where Q' is a finite quiver and /' is an admissible ideal of kQ' . We emphasize that in 
general Mon(Q,yl) Mon(Q', /', fc). In fact, we wih see in Theorem 1411 that V{tC) C Mon(Q,A) 
is always true; but in general 7-'(A) C Mon(Q', /', fc) is not true, as Proposition 12.31 shows. This is 
the reason why we do not use the notation Mon(A). 

3. Algebras given by bimodules 

3.1. Let A and B be rings, and M an A-/3-bimodule. Consider the upper triangular matrix 
ring A = ('o )> where the addition and the multiplication are given by the ones of matrices. We 
assume that A is an Artin algebra ([ARS], p. 72), and only consider finitely generated A-modules. 
A A-module can be identified with a tripe (y )0, or simply (y ) if is clear, where X G A- mod, 
Y G /3-mod, and : M — > X is an A-map. A A-map {y)^ — ^ ( y' ),*' '"^'^ identified 
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with a pair ( ^ ), where / G Hom^(X, X'), g G Hom_B(y, Y'), such that the diagram 

M<»bY > X 

M(8)s y — 

(sO (92) 

commutes. A sequence of A-maps — > (y-^ )^ — ^ {yI)^ ~^ (^s),/, — ^ ^ exact if 
and only if — > X\ X2 X^ — > is an exact sequence of A-maps, and — > Yi 

is an exact sequence of _B-maps. Indecomposable projective A-modules are exactly 
( Q ) and (^*^Q^'^y : where P runs over indecomposable projective A-modules, and Q runs over 
indecomposable projective i?-modules. 

3.2. The following result describes the Gorenstein-projectivc A-modulcs, if aM and Mb are 
projective modules. We emphasize that here A is not assumed to be Gorenstein (see Corollary 3.3 
of [XZ] for the similar result under the assumption that A is Gorenstein; and the proof there in 
[XZ] can not be generalized to the non-Gorenstein case). 

Theorem 3.1. Let A = ^) be an Artin algebra, M an A-B-bimodule such that aM and 
Mb are projective modules. Then )^ G 5P(A) if and only if cf) : M 0b Y — > X is injective, 
CokeT(f) G QViA), and Y G gV{B). In this case, X G QViA) if and only if M i^bY & QV{A). 

Proof. The last assertion is easy, since in this case — > M ®bY X — y Coker (j) — > is 
exact, and Q'P{A) is closed under extensions and the kernels of epimorphisms (see e.g. [Hoi]). 

We first prove the "if part. Assume that (j) : M ^bY — y X is injective, Coker ^ G GV{A), 
and Y G QV{B). Then we have a complete B-projective resolution 

Q' = yQ-^^QO I\q^^... (3.1) 

with Y = Kerd'°, and a complete A-projective resolution 

P* = -^Pi— (3.2) 

with Coker = Kerrf°. Since Mb is projective, we get the following exact sequences of A-modules 



— ^ M 05 F ^ M Q° — ^ M (8)B ^ • ■ • 
— >Cokei(f) — > P° — > — 

Since aM is projective, M 0b Q' is a projective A-module for each i > 0. Note that projective 
A-modules are injective objects in QViA), it follows from the exact sequence — > M ^bY — > 
X — > Coker ^ — > and a version of Horseshoe Lemma that there is an exact sequence of 
A-modules 

A ^ po © (M 0B Q°) ^ P' ® (M 0B Q') ^ • • • (3.3) 
with 5* = (fi id<g,Bd'' ) ' '■ — > M iSibQ\ y i €Z, such that the following diagram 
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Y 







X 



p° e (M ®B QO) pi e (M ®B Q') 



(3.4) 



commutes. By the same argument we get the following commutative diagram with exact rows 



M(8)i 



M (g)B 
(.a) 



(M Q-') 



p- 



(M Q-1) 



X 



0. 



(3.5) 



Putting (3.4) and (3.5) together we then get the following exact sequence of projective A-modules 



fa" A 

I J \ Q° 7(0) \ J 



(3.6) 



with Ker(fe)=(^)^. 

For each projective ^-module P, HomA(i*, ( o )) — Hom^ (P*,P) is exact, since P* is a com- 
plete projective resolution. For each projective P-module Q, since Q* is a complete projective 
resolution, HomB(Q*, Q) is exact. Since M^b Q is projective, HomA(-P*, M(8)b Q) is exact. Note 
that 

UomAiL',(^^^%''^y)^RomA{P',M(S)B Q) © HomB(Q', Q) 

(here the direct sum only means that each term of the complex at the left hand side is a direct sum 
of terms of complexes at the right hand side, i.e., it does not mean a direct sum of complexes. In 
fact, the complex at the right hand side has differentials (^^°--^id\M^BQ) h°;^^^^^'^'^^®«'5))). By 
the canonical exact sequence of complexes 

RomA{P',M(S>B Q) HomA(L', [^%^'^)) HomB(0',Q) 

and the fundamental theorem of homological algebra we see that HomA(L*, {^^^q'^^) is also 
exact. Therefore we conclude that L* is a complete A-projective resolution, and hence (y)^ is a 
Gorenstein-projective A-module. 

Conversely, assume that (y)^ € QV{h). Then there is a complete A-projective resolution 
(3.6) with Kcr ^/o ) = ( y Then we get an exact sequence (3.1) of projective B-modules with 
Kerd'° = Y, and the following exact sequence 



V = ^ P-I © (M ®B Q-') ^ P° © (M 0B 0°) A © (M ®B g') ^ • ■ • (3.7) 

of projective v4-modules with KerS" = X. Since Mb is projective, it follows that Ad ®b Q* is 
exact. Since ( j is a A-map, by (3.6) we know that 9' is of the form 9* = -^^^^^h j , where 
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: — > M (g)B Q\ V i £ Z, and 
is a complex. By the canonical exact sequence of complexes 

(id) ... (id, 0) 



> M ®l 



P' 







and the fundamental theorem of homological algebra we see that P' is also exact. 

From (3.6) we have the following commutative diagram with exact rows and columns: 











> M(g>BY > M®bQ° > 

if.) 

> X >P^®{M®bQ°) >P^®{M®bQi) 



M (g>B 



(id,0) 



(id,0) 



> Cohere/) 







pO 











Thus (f) : M ®B y — >X is injective and Kerd° = Cokeri^. For each projective A-module P, since 
HomA(i*, ( ^ )) = Homyi(P*, P) and L* is a complete projective resolution, it follows that P' is a 
complete projective resolution, and hence Coker is a Gorenstein-projective A-module. 

For each projective P-module Q, since P' is a complete projective resolution, it follows that 
Hom^(P', M ®B Q) is exact. Since L' is a complete projective resolution, it follows that 

HomA(P', (*^^^'^)) = Hom^(P',M®B Q) ® Homsig', Q) 

is exact (again, here the direct sum does not mean a direct sum of complexes). By the same 
argument we know that HomB((5*,Q) is exact. It follows that F is a Gorenstein-projective B- 
module. This completes the proof. ■ 

We remark that if A is Gorenstein, then in Theorem [O iy)^ GV{A) implies X e GV{A) 
(see [XZ], Corollary 3.3). 



4. Main result 



4.1. The aim of this section is to prove the following characterization of Gorestein-projective 
A-modules, where A is the path algebra of a finite acyclic quiver over a finite-dimensional algebra. 
We emphasize that here A is not assumed to be Gorenstein. 

Theorem 4.1. Let Q be a finite acyclic quiver, and A a finite- dimensional algebra over a field 
k. Let K ^ A ®k kQ, and X = (X,, Xa, i £ Qo, a e Qi) be a A-module. Then X e ^P(A) if 
and only if X £ Mon((5, A) and X satisfies the following condition (G), where 
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(G) For each i £ Qo, G QV{A), and the quotient luvXa) G gV{A) 

aeQi 



aeQi 
e{a)—i 



Example 4.2. (i) Taking Q — m — > ■■■ — > • in Theorem \4-l\ we get: a Tn{A)-module 

n 1 ' ' 

X = {Xi,(j)i) is Gorenstein-projective if and only if each (pi is infective, each Xi is a Gorenstein- 
profective A-module, and each Qokev (pi is a Gorenstein-projective A-module. Under the assumption 
that A is Gorenstein, this result was obtained in Gorollary 4-1 of [Z]. 



A3 Ai 



(a) Let A be the k-algebra given by quiver * — * -<r^ — * with relations A^, A|, A|, aA2 - 



(A A A\ 
A a ] , where Q is the quiver 
a A/ 

A = k[x]/{x'^). Let k be the simple A-module, and a : k ^ A the inclusion. Then by Theorem \4.1\ 



• — > • i — •, anc 

3 12 



X ^{X,=A(Bk, X2^k, Xs^ k, X^ - Qj, Xp = (j^) e gr{A); 

while 

y = (Fi = A, Y2=k, Y3 = k, Y^=a = Y^) i gV{K). 



4.2. Theorem 14.11 will be proved by using Theorem 13.11 and induction on |Qo|, the number of 
vertices of Q. 

We label Qo as 1, • • • , such that if there is an arrow a : j — > i in Qi, then j > i. Thus n is a 
source of Q. Denote by Q' the quiver obtained from Q by deleting vertex n, and by A' = A ®k kQ' 
the path algebra of Q' over A. Let P{n) be the indecomposable projective (left) fcQ-module at 
vertex n. Put P ^ A(g)k radP(n). Clearly P is a A'-A-bimodule and A = (^' ^). See (2.2). 

Since kQ is hereditary, radP(n) is a projective fcQ'-module, and hence P — A®k radP(n) is a 
(left) projective A'-module, and a (right) projective A-module (since as a right A-module, P is a 
direct sum of copies of Aa)- This allows us to apply Theorem 13. II For this, we write a A-module 
X = {X,, Xa, i e Qo, a e Qi) a.s X = where X' = (X,, X^, i e Q'q, a e Q[) is a 

A'-module, and cj) : P (E)a Xn — > X' is a A'-map, whose explicit expression will be given in the 
proof of Lemma WM below . 

We will keep all these notations of Q' , A', P{n), P, X' and cj), throughout this section. 

4.3. By a direct translation from Theorem 13. II in this special case, we have 

Lemma 4.3. Let X — (^ )^ be a A-module. Then X G ^P(A) if and only if X satisfies the 
following conditions: 

(t) Xn^QV{A); 

(ii) (j) : P ®A Xn — > X' is infective; 
{Hi) Coker0 G GViA'). 
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For each i E Q'q, denote by A{n i) the set of the arrows from n to i; and by V{n — > i) the set 
of paths from n io i. For an integer m > and a module M, let M™ denote the direct sum of m 
copies of M . 

Lemma 4.4. Let X ~ {Xi, Xa, i G Qa, a G Qi) be a A-module. If Xp is injective for each 
(3 G Q'l, then (j) '■ P ®A Xn — > X' is injective if and only if Xa is injective, \f a E Qi, and 
E ImXp^ lmXp,yieQ'o. 

( ^-"^ \ 

Proof. For i G Qo, set nii — \V{n — > As a fcQ'-module, radP(n) can be written as : 
(please see (2.1) and 4.2), hence we have isomorphisms of A'-modules 

P (E)A Xn = (radP(n) ®k A) ®a X^ = radP(n) (E)k X„ = 



Let P(n — !> i) = {pi, ■ ■ ■ ,Pmi}- Then (p is of the form 



P(g)AX„ = 



where (f>i — {Xp-^ , ■ ■ ■ , Xp^ ) : X™* — > Xi (for the meaning of Xp. please see 2.3). So (/> is injective 
if and only if (pi is injective for each i G Qq; if and only if ^ ImXp — ImXp, and 

Xp is injective, V p G Tin — > i), from which and the assumption the assertion follows. ■ 

Lemma 4.5. Let X = (^^ )^ be a monic A-module. Then 

(1) For each i G Q'q there holds ^ IniXp = ImA"p; 

peVin^i) peP(n->i) 

(2) : P (g)^ X„ — > X' is injective; 

(3) Cokcr0 — {Xi/{ ImXp), Xq,, i G Qg, a G Q'^), where for each a : j — > i in Q[, 

p^V{n~^i) 

Xa:X,l{ ImX,)^X,/( ImXp) 
is the A-map induced by Xa- 

Proof. By Lemma 14.41 and its proof it suffices to prove (1). For each i G Q'q, set = if 
7^(n — > i) is empty, and h = max{ l{p) \ p G V{n — i)} if otherwise, where l{p) is the length of 
p. We prove (1) by using induction on li. If k — 0, then (1) trivially holds. Suppose li ^ 1. Let 
J2 Xp{xn,p) = for Xn^p G Xn. Since 

pe'P(n^i)-^(n^i) aGQ[ qG'PCn^s(a)) 

e(a)— 2 
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we have 

= X] ^c«(a;„,a)+ ^ Xp{ ^ Xq(a;„,^g)), 

ae^(n->-i) /3eQ'j geP(n^s(/3)) 

e(;8)=i 

by (m2) we know Xa{xn,a) = for a e A{n — >■ i), and ^ Xg(a;„,^g)) = for /? e 

96-p(n^s(/3)) 

with e(/3) = i. So ^ Xg(a;„,/3q) = by (ml). Since Is^p) < k for each /3 G Q'l with 

<je-p(n^s(/3)) 

e(/3) = it follows from the inductive hypothesis that Xq{xn,fiq) = for ^ G Q[, e(/3) = i and 
g e 7^(71 s{l3)). This proves (1). ■ 

Lemma 4.6. Let X = {x„)^ ^ monic A-module. Then Coker0 is a monic A' -module. 

Proof. We need to prove that for each i e. Q'q, the A'-map 

{Xa)aeQi, eia)=i ■■ 0(^«(a)/( lmX,))^Xi/{ ImX^) 

e{a)=i 

is injective. For this, assume ^ Xa{xs{a),a) = 0) where 'xj(ay^ is the image of Xs{a),a G -'^s(a) 

aeQ[ 

inXs(„)/( ImXg). Then J2 ^a{Xs{a),a) ^ ImXp. So there are a;„,p e X„ 

e{a)=i 

such that 

^ ^ XaiXs(a),a) ~ ^ ^ Xp(^Xn,p)- 
aeQ[ peV{n^i) 
e{a)—i 

Thus 

e(a)— i 

= X! ^"(a;,i(a),a) - Xp{Xn,l3) - ^ ^ Xq{Xn,aq)) 

e{a.)—i e{a.)—i 
— X/ ^«(a;s(a),a - X -'^g(2;n,ag)) - ^ Xij{Xn,l3)- 

e{a)—i 

Using the assumption on X we get a;s(„)_Q, = Yl Xq{xn,aq), i-e., Xs(^a),a = 0. ■ 

Lemma 4.7. Lei X = (^ )^ &ea monic K-m,odule satisfying (G). Then 

{Xi/i ImX,))/( ImX„) 

peV{n^i) aeQ'i 
e(a)=i 

is a Gorenstein-projective A-module, y i G Q'q. 
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Proof. Since ImXp C ^ ImX^, it follows that 

e(f})=t 

IniX; = ( Im^a+ ImXp)/( ImXp) 

e(a)—i e{a)—i 



( Y ImXp) 

e(p)=i 

( ImX,) 

/36Qi peV{n^i) 
e(l3)=i 



(m2) 



ImX,)/( ImX,), (4.1) 



/3eQi peVin^i) 

and hence the desired quotient is ImX^), which is Gorenstein-projective by (G). ■ 

/36Qi 

Lemma 4.8. Let X (xl)^ a monic K-module satisfying (G). Then for each i G Qg, 
® ImXp) is a Gorenstein-projective A-module. 

peV(n^i) 

Proof. We prove the assertion by using induction on li, which is defined in the proof of Lemma 
14.51 If i S Qq with li = 0, then the assertion follows from (G). 

Suppose li ^ 1. Since ImXp C ImXa, we have the following exact sequence 

peV(n^i) aeQi 
e{a)—i 

l^Xp)^XJi ImXp) ImX„) ^0, 

a(£Qi peVin-^i) pe:V(n-^i) aeQi 

e{a)—i e{a)—i 

by (G) the term at the right hand side is Gorenstein-projective. It suffices to prove that the term 
at the left hand side is Gorenstein-projective. While by (4.1) it is ImX^. By Lemma HH] 

aeQ[ 
e(a)—i 

each Xa is injective, it follows that ImXa == ImXp), where j — s{a). Since Ij < li, 

peV(n^j) 

it follows from the inductive hypothesis that Xj/{ ImXp) is Gorenstein-projective. This 

peV{n^]) 

completes the proof. ■ 



Lemma 4.9. The sufficiency in Theorem \^.l\ holds. That is, if X — {Xi, Xq, i £ Qo, a G Qi) 
is a monic A-module satisfying (G), then X is Gorenstein-projective. 

Proof. Using induction on n = \Qo\. The assertion clearly holds for n = 1. Suppose that the 
assertion holds for n — 1 with n > 2. It suffices to prove that X satisfies the conditions (i), [ii) 
and [Hi) in Lemma 14.31 

The condition {i) is contained in (G); and the condition {ii) follows from Lemma 14.51^ 2) . By 
Lemma 14.61 Coker (/) is a monic A'-module; and by Lemmas 14.71 and 14.81 we know that Coker 4> 
satisfies (G). It follows from the inductive hypothesis that the condition {Hi) is satisfied. ■ 
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Lemma 4.10. Let X = [Xi, Xa, i G Qo, G Qi) be a K-module with Xn a Gorenstein-projective 
A-module. Then P ®a Xn is a Gorenstein-projective K' -module, where P is defined in 4-2. 

Proof. Let P{n) be the indecomposable projective fcQ-module at vertex n. Writing radP(n) as a 
representation of Q' over k, we have radP(n) = (fc™*, /„, i G Q'q, a G Q'l), where — \V{n — > i)\ 
for each i E Q'q. By the construction of P{n) we know that radP(n) has the following three 
properties: 

(1) each fa : fc^^C") — j> /j^eca) jg injective; 

(2) for each i <E Qq there holds ^ Ihi/q = ® Imfa] 

e{a)—i e{a)—i 

(3) for each i G Q'o, fc"V( Im/a) as fc-spaces. 

e(a)— i 

It follows that 

P ®A ^ (radP(n) A) ®a X„ = radP(n) X^ = ®fe idx„, « G Qo> aeQ[). 

By (1), (2) and (3) we clearly see that P^aXk is a nionic A'-module satisfying (G) (for example, by 
(3) we know that X™' / ( Im(/„ (g,k idx„ ) ) = xj,-^^"^'^ ' is a Gorenstein-projective A-module). 

e(a)— z 

Now the assertion follows from Lemma l479l ■ 

4.4. Proof of Theorem 4.1 By Lemma [4.91 it remains to prove the necessity, i.e., if X is a 

Gorenstein-projective A-module, then X is a monic A-module satisfying (G). Using induction on 
n — \Qo\. The assertion is clear for n = 1. Suppose that the assertion holds for n — I with n > 2. 
We write a.s X — (^^ Then X satisfies the conditions (i), (ii) and (Hi) in Lemma H31 

By the condition (i) and Lemma 14.101 we know that P 0^ Xn a Gorenstein-projective A'- 
module. Then by the conditions (ii) and (Hi) we know that X' G QV{A') since QV{A') is closed 
under extensions. By the inductive hypothesis X' is a monic A'-module satisfying (G), thus the 
following properties hold: 

(1) Xi3 is injective for each /? G Q'^; and 

(2) Xi is Gorenstein-projective for each i ^ Q'q. 

By (1), the condition (ii) and Lemma we know that 

(3) Xa is injective for each a G Qi; and 

(4) ^ ImXp- lmXp,VieQ'o. 

Since Coker0 — {Xi/{ ImXp), Xa, i G Qq, a G Q'l) is a Gorenstein-projective A'- 
module, it follows from the inductive hypothesis that the following properties hold: 

(5) for each a £ Q'l, Xa is injective; and 

(6) j: imXa^ ImX;, V^Gg^,. 

a.GQ[ aGQ[ 
e{a)—i e{a)—i 
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We first prove Claim 1: X satisfies {m2). In fact, suppose 



^ = 0. (*) 



qGQi 
e(a)— 2 



Since 

^ ^ ^ aij^ s{a.) .Oi) — ^ ^ ^a(^s(a),Q) ^ ^ ('^s(a) ,a) : 



e(a)=i e(Q)=!: 



it follows that 



^ ^a(a;3(a),a) = ^ -^a(a;s(a),a) + ( ^ ImXp) 
e{a)—i e(a)—i 



by(* 



^ ^«(a^s(a),a) + ( lmXp) = 0. 



Then by (6) we have Xa{xsi^a).a) = 0; and by (5) we know x^^^,) q, = for each a G Q'j^ with 
e(a) = i. This means that there are Xn.q G Xn such that 

gGP(n-»s(Q)) qeP(n-s-s(Q)) 

for each a G Q'^^ with e(a) = i. By (*) we have 

e{a)—i 

By (4) we know that Xa{xn,a) = 0,Vq G A{n -> i), and XQX(j(a;„^g) = 0,Va G Q'l with e(a) = i 
and g G P(n — s> s(a)). Thus = 0,Va G Qi with e(a) = i. This proves Claim 1. 

We now prove Claim 2: Xi/{ ImXjj) is a Gorenstein-projective A- module for each i & Qq. 

/3eQi 

e{l3)=t 

In fact, since Cohere/) is a Gorenstein-projective A'-module, by the inductive hypothesis we know 
that 

ImXp))/( ImX;) 

e{a)—i 

is a Gorenstein-projective A-module: it is exactly the desired module by (4.1). 

Now, (3) and Claim 1 mean that X is a monic A-module; and (2), the condition (i), together 
with Claim 2 mean that X satisfies (G). This completes the proof. ■ 

5. Applications 



We include some applications of Theorem 14.11 Let A be the path algebra of finite acyclic 
quiver Q over finite-dimensional algebra A. Recall that Mon{Q,A) denotes the full subcategory of 
Rep(Q, A) consisting of the monic representations of Q over A. 
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5.1. As a consequence of Theorem 14.11 '^e get the following characterization of self-injectivity. 

Theorem 5.1. Let A be a finite- dimensional algebra. Then the following are equivalent: 
(i) A is self-injective; 

(a) For any finite acyclic quiver Q, there holds QViA ®k kQ) ~ Mon((5, A); 
[Hi) There is a finite acyclic quiver Q, such that QV{A®k kQ) — Mon((5,A). 

Proof, (i) (ii): If A is self-injective, then every A-module is Gorenstein-projective, and hence 
(m) follows from Theorem 14. II The implication (ii) {iii) is clear. 

{Hi) =^ {i): Take a sink of Q, say vertex 1, and consider the representation X oi Q over 
A, where Xi = Hom^(A, k) and Xi = ii i I. Then X is a monic A-module, and hence by 
assumption it is Gorenstein-projective. So we have a complete A-projective resolution 

. . . y p-l y pO pi y . . . 

with X = Kcrd". By taking the 1-st branch we get an exact sequence 

^ Ff 1 ^ pO ^ pi ^ . . . 

with KerdJ = Hom^(A, k). Note that each PI is a projective A-module. Thus injective A-module 
Hom^(A, fc) is projective, i.e., A is self-injective. ■ 

Example 5.2. Taking Q = • — > ■ ■ ■ — > • in Theorem \5.1\ we get: A is a self-injective algebra if 

n 1 

and only if the Gorenstein-projective Tn{A) -modules are exactly the monic Tn{ A) -modules. Under 
the assumption that A is Gorenstein, this result was obtained in Theorem 4-4 of [Z]. 

Let D^{K) be the bounded derived category of A, and K^{V{X)) the bounded homotopy 
category of 7-" (A). By definition the singularity category D\g{K) of A is the Verdier quotient 

(A) / {V (A)) . If A is Gorenstein, then there is a triangle-equivalence Djg(A) = QV{A), where 
QP{A) is the stable category of t/'P(A) modulo P{A) (see [Hap], Theorem 4.6; also [Buch], Theo- 
rem 4.4.1). Note that if A is Gorenstein, then A = A^k kQ is Gorenstein, by Proposition 2.2 in 
[AR], which claims that A (g)fe B is Gorenstein if and only if A and B are Gorenstein. So we have 

Corollary 5.3. Let A be a finite- dimensional Gorenstein algebra, and Q a finite acyclic quiver. 
Let A = A^k kQ. Then there is a triangle-equivalence D'^g{A) = QV{A). 

5.2. Before giving the next application we recall the tensor product of two finite quivers. Let Q 
and Q' be finite quivers (not necessarily acyclic) . By definition the tensor product Q ® Q' is the 
quiver with 

(Q Q')o - Qo X g;,, and (Q®g')i = (Qi X q;,)|J(Qo X g'l). 

More explicitly, \i a : i — > j is an arrow of Q, then for each vertex t' G Qq there is an arrow 
(a, t') : (i, t') — > (j, t') oi Q®Q'\ and if /3' : s' — ?► t' is an arrow of Q', then for each vertex i E Qq 
there is an arrow (i, /?') : (i, s') — > (i, t') of Q ® Q' . 
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Let A — kQ/I and B ~ kQ'/I' be two finite-dimensional fc-algebra, where Q and Q' are finite 
quivers (not necessarily acyclic), / and /' are admissible ideals of kQ and kQ', respectively. Then 

A®kB^k{Q^Q')/iai', 

where /□/' is the ideal of k{Q ® Q') generated by (/ x Qq) 1J(Qo x I') and the following elements 

(a,t')(*,/3')-(j, 

where a : i — > j is an arrow of Q, and /?' ; s' — > t' is an arrow of Q' . See for example [L]. Note 
that /□/' may not be zero even if / = = /'. Thus we have the following 

Fact: A is hereditary (i.e., /□/' = 0) if and only if either 

(i) A = fcl'Sol as algebras, and /' — 0; or 
(a) B = fcl'^ol as algebras, and / = 0. 

5.3. We describe when A is hereditary via monic A-modules. 

Theorem 5.4. Let A be the path algebra of finite quiver Q over A, where Q is acyclic with 
\Qi\ 7^ 0, and A is a finite- dimensional basic algebra over an algebraically closed field k. Then 
'P(A) = Mon((5,y4.) if and only if A is hereditary. 

Proof. Without loss of generality we may assume that A is connected (an algebra is connected if 
it can not be a product of two non-zero algebras). 

li A — A ®k kQ is hereditary, then by the fact above and the assumption of Q we have A = k, 
and hence Mon(Q, k) = QV{kQ) by Theorem EUl It follows that 

Mon(Q, A) = Mon(g, k) = QV{kQ) = V{kQ) = V{A). 

Conversely, if A ^ fc, then A is not semi-simple since A is assumed to be connected and basic 
and k is assumed to be algebraically closed. It follows that there is a non-projective A-module M . 
Take a sink of Q, say vertex 1, and consider A-module X = M ®k P(l), where P{1) is the simple 
projective fcQ-module at vertex 1. Then as a representation of Q over A we have X = {Xi, i G Qo) 
with Xi = M and = for z 7^ 1. It is clear that X e Mon(Q, A), but X ^'P{A). ■ 
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